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Semi-binary operations on

β-languages
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Abstract. β-languages of order n have been introduced by the au-
thors of [9]. The authors of [5] made a study of various closure prop-
erties of β-languages. In this paper, we first show that the family
of β-languages of order n is not closed under intersection, difference
and complementation. We then further introduce the notion of semi-
binary operation on a non-empty set G with respect to its non-empty
subject H using the binary operation on H. Finally, we show that
the operations of intersection and difference are semi-binary opera-
tions on the class L of β-languages of order n with respect to class R
of regular languages which is a non-empty subset of L and is closed
under these operations.

AMS Subject Classification (2020): 68Q45

Keywords: β-languages, β-grammar, context-free grammar, context-

free langauges (CFL)

1. Introduction

The authors of [9] introduced the concept of β-grammar and β-languages

of order n and proved their equivalence with the semi-deterministic push-

down automata (SDPDA) languages of order n in [6, 9]. The class of β-

languages of order n lies between non-deterministic context-free languages

and deterministic context-free languages. Since the class of deterministic

context-free languages contains all regular languages, therefore, the class of

β-languages of order n also contains all regular languages.
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Again, the class of β-languages (or SDPDA languages) of order n in-

cludes the syntax of most programming languages including the mechanics

of the parser in a typical compiler. Since each use of a production rule

introduces exactly one terminal, including the null symbol “λ′′ into a sen-

tential form, therefore, a string of length “k′′ has a derivation of at most

“(n+ 1)k′′ steps using β-grammar of order n.

Further, the authors of [5] have shown that the class of β-languages of

order n is closed under union, concatenation and star-closure operations. In

this paper, we show that the family L of β-languages of order n is not closed

under intersection, difference and complementation and therefore intersec-

tion and difference are not binary operations on L. Also, we know that the

class R of regular languages is closed under intersection and difference.

Motivated by this, we introduce the notion of semi-binary operations

on a non-empty set G with respect to its non-empty subset H using the

binary operation on H. We show that the operations of intersection and

difference are semi-binary operations on the class L of β-languages of order

n with respect to its non-empty subset class R of regular languages.

2. Preliminaries

In this section, we present some definitions available in the literature:

Definition 2.1 [14].

(i) A finite non-empty set Σ is called an “alphabet”.

(ii) A “string” is a finite sequence of symbols from the alphabet.

(iii) The “concatenation” of two strings “u′′ and “v′′ is the string ob-

tained by appending the symbols of “v′′ to the right end of “u′′.
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(iv) The “length” of string w denoted by |w| is the number of symbols

in the string.

(v) An “empty string” is a string with no symbol in it. It is denoted

by λ and |λ| = 0.

(vi) If Σ is any alphabet, then “Σk”(k ≥ 0) denotes the set of all strings

of length k with symbols from Σ.

(vii) The set of all strings over an alphabet Σ is denoted by Σ∗, i.e.

Σ∗ = Σ0 ∪ Σ1 ∪ Σ2 ∪ · · · .

(viii) The set of all non-empty strings from the alphabet Σ is denoted by

Σ+ and is given by

Σ+ = Σ∗ − {λ} = Σ1 ∪ Σ2 ∪ Σ3 ∪ · · ·

(ix) A “language’’ L over an alphabet Σ is defined as a subset of Σ∗.

(x) A string in a language L is called a “sentence” of L.

(xi) The “union”, “intersection” and “difference’’ of two languages

are defined in the set theoretic way.

(xii) The “complement” of a language L over an alphabet Σ is defined

as L̄ = Σ∗ − L.

(xiii) The “concatenation” of two languages L1 and L2 is the set of all

strings obtained by concatenating a string of L1 with a string of L2,

i.e.

L1L2 = {uv|u ∈ L1 and v ∈ L2}.

(xiv) The “star-closure” of a language L is defined as

L∗ = L0 ∪ L1 ∪ L2 ∪ · · · .
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Also, the “positive-closure” of a language L is given by

L+ = L1 ∪ L2 ∪ · · · .

(xv) A “grammar” G is defined as a quadruple

G = (V, T, S, P ),

where V is a finite set of objects called “variables”, T is a finite

set of objects called “terminal symbols” with V ∩ T = φ, S ∈ V

is a special symbol called the “start” symbol, P is a finite set of

“productions” of the form x → y where x ∈ (V ∪ T )+ and y ∈

(V ∪ T )∗.

(xvi) We say that the string w = uxv “derives” the string z = uyv if the

string z is obtained from w by applying the production x → y to w.

This is written as w ⇒ z. If

w1 ⇒ w2 ⇒ · · · ⇒ wn,

then we say that w1 derives wn and write w1 ⇒∗ wn.

(xvii) Let G = (V, T, S, P ) be a grammar. Then the “language” L(G)

generated by G is given by

L(G) = {w ∈ T ∗|S ⇒∗ w}.

(xviii) If w ∈ L(G), then the sequence

S ⇒ w1 ⇒ w2 ⇒ · · · ⇒ wn ⇒ w.

is a “derivation” of the sentence w. The strings S,w1, w2, · · · , wn

which contain variables as well as terminals are called “sentential

forms” of the derivation.
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(xix) A grammar G = (V, T, S, P ) is said to be “right-linear” (resp.

left-linear) if all productions in G are of the form

A→ xB (resp.A→ Bx),

or

A→ x,

where A,B ∈ V and x ∈ T ∗. A “regular grammar” is one that is

either right linear or left linear.

Definition 2.2 [12]. A semi-deterministic virtual finite automaton (SD-

VFA) of order (s, t) is a finite automaton that can make atmost “s”(s ≥ 1)

transitions on receiving a real input and atmost “t”(t ≥ 0) transitions on

virtual input (or no input). (Zero transition means the automaton remains

in the same state).

Formally, we may define semi-deterministic virtual finite automaton (SD-

VFA) of order (s, t) as follows:

Definition 2.3 [12]. A semi-deterministic virtual finite automaton (SD-

VFA) of order (s, t) consists of

1. A finite set of states (including the dead state) often denoted by Q.

2. A finite set of input symbols including the empty string symbol ε.

This is often denoted by Σ
⋃
{ε}. Σ is called real alphabet.

3. A transition function δ(s,t) that takes as arguments a state and an

input symbol. On real input symbol i.e. if the symbol is a member

of real alphabet Σ, δ(s,t) returns a set of atmost “s” states while on

virtual input ε, the transition function returns a set of atmost “t”

states.

4. A start state S which is one of the states in Q.
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5. A set of final or accepting states F . The set F is a subset of Q. Dead

state is never an accepting state and it makes a transition to itself on

every possible input symbol.

We can also denote an SDVFA of order (s, t) by a “five tuple” notation:

V = (Q,Σ
⋃
{ε}, δ(s,t), q0, F )

where V is the name of the SDVFA, Q is the set of states, Σ
⋃
{ε} is the

set of input symbols, δ(s,t) is the transition function, q0 is the start state

and F is the set of accepting states.

Definition 2.4 [9]. A context-free grammar G = (V, T, S, P ) is said to be

a “β-grammar of order n” (n ≥ 1) if all productions in P are of the

form A→ ax where a ∈ T ∪ {λ} and x ∈ V ∗ and any pair (A, a) occurs at

most “n′′ times in P . A β-grammar of order n is denoted by β(n).

Definition 2.5 [9]. The language generated by a β-grammar of order n is

called a “β-language of order n”.

Definition 2.6 [9]. A “semi-deterministic pushdown automata(SDPDA)

of order n” is a PDA that can make atmost “n”(n ≥ 1) transitions corre-

sponding to a given input symbol (real or virtual input λ) and stack top

symbol.

We now formally define a “semi-deterministic pushdown automata

(SDPDA) of order n as follows:

Definition 2.7 [9]. A “semi-deterministic pushdown automata(SDPDA)

of order n” consists of

1. A finite set of states denoted by Q.

2. A finite set of input symbols including the empty string symbol λ.

This is denoted by ΣU{λ}. Σ is called real input alphabet.
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3. A finite set of stack symbols denoted by Γ ∪ {λ} where Γ is the real

stack alphabet.

4. A transition function δ, that takes as arguments a state, an input

symbol and stack top symbol and returns atmost n pairs of the form

(q, x) where q is the next state of the control unit and x is a string

of stack symbols which is put on the top of the stack in place of the

single stack symbol there before with left most symbol of the string

to be placed highest on the stack.

5. An initial start state q0 ∈ Q.

6. A stack start symbol Z0 ∈ Γ.

7. A set of final states F ⊆ Q.

Note that δ is defined in such a way that it needs a stack symbol and no

move is possible if the stack is empty.

We can also denote an SDPDA of order n by a “sep-tuple” notation

as

M(n) = (Q,Σ,Γ, δ, q0, Z0, F ),

where M(n) is the name of the SDPDA of order n, Q is the finite set of

internal states of the control unit, Σ is the set of real input symbols, Γ is

the set of stack symbols, δ is the transition function from Q× (ΣU{λ})×Γ

to finite subset of Q × Γ∗ of order atmost n, q0 ∈ Q is the initial state of

the control unit, Z0 ∈ Γ is the stack start symbol and F ⊆ Q is the set of

the final states.



22 A. Jain et al.

3. Intersection, difference and complement of
β-languages of order n

In this section, we show that the the family of β-languages of order n

is not closed under intersection, difference and complementation.

Theorem 3.1. The class of β-languages of order n is not closed under

intersection.

Proof. Consider the two languages

L1 = {0n1n2i|n ≥ 1, i ≥ 1},

and

L2 = {0i1n2n|n ≥ 1, i ≥ 1}.

The languages l1 and L2 are both β-languages of order 2 as shown below:

A β-grammar of order 2 for languages L1 is given by:

S → AB;

A→ 0AC;

C → 1;

A→ 0C;

B → 2B;

B → 2.

A β-grammar of order 2 for language L2 is given by

S → AB;

A→ 0A;

A→ 0;

B → 1BC;
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B → 1C;

C → 2.

Now, L1 ∩ L2 is given by

L1 ∩ L2 = {0n1n2n|n ≥ 1}.

Then using the pumping lemma, it can be shown that L1 ∩ L2 is not a

context-free language and hence not a β-language of order 2.

Thus, the family of β-languages of order n is not closed under inter-

section.

Theorem 3.2. The family of β-grammar of order n is not closed under

complementation.

Proof. Let L1 and L2 be two β-languages of order n. Assume on the

contrary that the family of β-languages of order n is closed under comple-

mentation.

Consider

L1 ∩ L2 = L1 ∪ L2 (1)

Then the right hand side of (1) would be a β-languages of order n. This

gives a contradiction in view of Theorem 3.1.

Hence, the family of β-languages of order n is not closed under com-

plementation.

Theorem 3.3. The difference of two β-languages of order n is not neces-

sarily a β-language of order n.

Proof. Assume on the contrary that if L1 and L2 are two β-languages of

order n , then L1 − L2 is also a β-language of order n.
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Now, we make an observation that if Σ is an alphabet having n ele-

ments, then the star-closure Σ∗ is a β-language of order n.

For example, if Σ = {a, b}, then Σ∗ is a β-language of order 2. A

β-grammar G = (V, T, P, S) (where V = {S,A} and T = Σ = {a, b}) of

order 2 for Σ∗ is given by the following production rules:

S → A;

A→ aA;

A→ bA;

A→ a;

A→ b;

A→ λ.

The assumption in the preceding paragraph implies that Σ∗ − L is always

a β-language of order n whenever L is a β-language of order n.

However,

Σ∗ − L = L when L is a proper subset of Σ∗.

Thus we get L̄ is a β-language of order n whenever L is a β-language of

order n. A contradiction in view of Theorem 3.2.

Hence the difference of two β-languages of order n is not necessarily

a β-language of order n.

4. Semi-binary operations on β-languages of
order n

In the preceding section, we have shown that the operations of inter-

section and difference are not binary operations on the class of β-languages

of order n.
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In this section, we first introduce the notion of semi-binary operation

on a non-empty set G with respect to its non-empty subset H using the

binary operation on H. We then show that the operations of intersection

and difference are semi-binary operations on the class of L of β-language of

order n with respect to its non-empty subset class R of regular languages

which is closed under these operations.

We now define a semi-binary operation on a non-empty G with respect

to its non-empty subset H as follows:

Definition 4.1. Let G be a non-empty set. Let H be a non-empty subset

of G. A semi-binary operation ∗ on G with respect to H is a function on

G×H satisfying the following properties:

(i) g × h ∈ G for all g ∈ G, h ∈ H; and

(ii) h× h ∈ H for all h ∈ H, i.e. “∗” is a binary operation on H.

The set G is called a semi-binary H-Superset with respect to operation

“∗”.

Example 4.2. Let Q be the set of all positive rational numbers and Q+ be

the set of all positive rational numbers. Let “/” denote the usual division

operation on Q. Then “/” is not a binary operation on Q since “a/0”

does not belong to Q for a ∈ Q. Also, “/” is a binary operation on Q+.

Therefore, “/” is a semi-binary operation on Q with respect to Q+.

Again, we know that the family of regular languages is closed under

intersection and difference. We now first prove that the intersection of a

β-language of order n with a regular language is again a β-language of order

n.

Theorem 4.3. If L is a β-language of order n and R is a regular language,

then L ∩R is a β-language of order n.
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Proof. We shall use the semi-deterministic pushdown automaton (SD-

PDA) of order n representation of β-language of order n [6, 9] and semi-

deterministic virtual finite automaton (SDVFA) or order (1,0) representa-

tion for regular language [10, 12].

Let

M(n) = (QM ,Σ,Γ, δM , qM , Z0, FM )

be an SDPDA of order n that accepts the given β-language L by final state.

Let N = (QN ,Σ, δN , qN , FN ) be an SDVFA of order (1,0) for the given

regular language R.

We construct a new SDPDA say M ′ of order n for L ∩R by running

M and N in parallel as follows:

M ′ = (QM ×QN ,Σ,Γ, δ, (qM , qN ), Z0, FM × FN ),

where (δ((q, p), a,X) is defined to be the set of all pairs of the form ((r, t), γ)

such that

(i) t = δ̂N (p, a), and

(ii) pair (r, γ) is in δM (q, a,X).

In other words, the SDPDA M ′ makes the same move as the SDPDA

M does but also carry along the state of the SDVFA N of order (1,0) in

the second component of its state.

Also, M ′ simulates moves of M ′ on virtual input λ without changing

the state of SDVFA N . When M ′ makes a move on input symbol “a”, M

simulates that move and also simulates N ′s change of state on input a.

It is an easy induction on the number of moves made by the SDPDAs

M and M ′ that

(qM , w, Z0) `∗ (q, λ, γ)
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iff

((qM , qN ), w, Z0) `∗M ′ ((q, p), λ, γ),

where p = δ̂(qN , w).

Since (q, p) is an accepting state of M ′ iff q is an accepting state of M and

p is an accepting state of N , we conclude that M ′ accepts w iff both M

and N accepts w i.e. w ∈ L ∩R.

Hence L ∩R is a β-language of order n.

Theorem 4.4. If L is a β-language of order n and R is a regular language,

then L−R is a β-language of order n.

Proof. Since L−R = L∩R and we know that regular languages are closed

under complementation, therefore, using Theorem 4.3., we get L − R is a

β-language of order n.

Theorem 4.5. The operations of intersection and difference are semi-

binary operations on the lass of L of β-languages of order n with respect to

class R of regular languages.

Proof. We know that the class of R of regular languages is closed under

intersection and difference and also that R is a non-empty subset class of

the class L of β-languages of order n. Then from Definition 4.1., Theorems

4.3 and 4.4, we get the result.

5. Conclusion

In this paper, we have shown that the family of β-languages of order n

is not closed under intersection, difference and complementation. We have

further introduced the notion of semi-binary operation on a non-empty set

G with respect to its non-empty subject H using the binary operation on

H.
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Finally, we have also shown that the operations of intersection and

difference are semi-binary operations on the class L of β-languages of order

n with respect to class R of regular languages which is a non-empty subset

of L.
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